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the following form under local filtering transformations [12] :
where F A/B ∈ GL(M/N, C) are arbitrary invertible matrices. This transformation is also known as stochastic local operations assisted by classical communication (SLOCC) . By the definition it is obvious that filtering transformation will preserve the separability of a quantum state.
It has been shown that under local filtering operations one can transform a strictly positive ρ into a normal form [10] ,
where ξ i ≥ 0, G A i and G B i are some traceless orthogonal observables. The matrices F A and F B can be obtained by minimizing the function
where
, and
. Then by the iteration one can get the optimal A and B. In particular, there is a matlab code available in [13] . The normal form of a product state (if exists) must be proportional to identity.
For bipartite separable states ρ, the CM separability criterion [8] says that
s are the generators of SU (M/N ) and have been chosen to be normalized,
As the filtering transformation does not change the separability of a state, one can study the separability ofρ instead of ρ. Under the normal form (2) the criterion (4) becomes
In [6] a separability criterion based on local uncertainty relation (LUR) has been obtained. It says that for any separable state ρ,
s are LOOs such as the normalized generators of SU (M/N ) and
The criterion is shown to be strictly stronger than the realignment criterion [5] .
Under the normal form (2) criterion (6) becomes
As
holds for any M and N , from (5) and (7) it is obvious that the CM criterion recognizes entanglement better when the normal form is taken into account.
We now consider multipartite systems. Let ρ be a strictly positive density matrix in H =
ρ can be generally expressed in terms of the SU (n) generators
where λ
λ α k appears at the µ k th position and
The generalized CM criterion says that: if ρ in (8) is fully separable, then
The KF norm is defined by
where T (m) is a kind of matrix unfolding of
The criterion (9) can be improved by investigating the normal form of (8).
[Theorem 1] By filtering transformations of the form
, · · · N , followed by normalization, any strictly positive state ρ can be transformed into a normal form
[Proof] Let For the given density matrix ρ we define the following function of ρ i
The function is well-defined on the interior of D 1 × D 2 × · · · × D N where det ρ i > 0. As ρ is assumed to be strictly positive, we have Tr[ρ( can be factorized in terms of Hermitian matrices F i as
We see that when F † i ρ i F i = τ i , f has a minimum and
Since f is stationary under infinitesimal variations about the minimum it follows that
for all infinitesimal variations,
subjected to the constraint det(I d i + δρ i ) = 1, which is equivalent to Tr(δρ i ) = 0, i = 1, 2, · · · , N , using det(e A ) = e TrA for a given matrix A. Thus, δρ i can be represented by the SU generators,
It follows that Tr( ρλ {µ k } α k ) = 0 for any α k and µ k . Hence the terms proportional to λ
[Corollary] The normal form of a product state in H must be proportional to the identity.
[Proof] Let ρ be such a state. From (11), we get that
Therefore for a product state ρ we have
To show the separability of multipartite states in terms of their normal forms (11) we consider the PPT entangled edge state [14] 
mixed with noises:
Select a = 2, b = 3, and c = 0.6. Using the criterion in [9] we get that ρ p is entangled for 0.92744 < p ≤ 1. But after transforming ρ p to its normal form (11), the criterion can detect entanglement for 0.90285 < p ≤ 1.
Here we indicate that the filtering transformation does not change the PPT property. Let ρ ∈ H A ⊗ H B be PPT, i.e. ρ T A ≥ 0, and ρ T B ≥ 0. Let ρ be the normal form of ρ. From (1) we
For any vector |ψ , we have
. ρ T B ≥ 0 can be proved similarly. This property is also valid for multipartite case. Hence a bound entangled state will be bound entangled under filtering transformations.
For N-partite systems in and set
Based on CM criterion we can further construct entanglement witness (EW) in terms of such LOOs. EW [11] is an observable of the composite system that has (i) nonnegative expectation values in all separable states and (ii) at least one negative eigenvalue (or equivalently, can recognizes at least one entangled state).
We first consider bipartite systems in
is an EW, where α =
and
[Proof] Let ρ = 
where we have used Tr(RT ) ≤ ||T || KF for any unitary R in the first inequality and the CM criterion in the second inequality. where the CM criterion has been used in the last step. 2
As the CM criterion can be generalized to multipartite form in [9] , we can also define entanglement witness for multipartite system in H the normal forms, in fact for many rank deficiency density matrices their normal forms can be also calculated.
